Significant evidence is available to support the quantum effects of gravity that leads to the generalized uncertainty principle (GUP) and the minimum observable length. Usually quantum mechanics, statistical physics doesn't take gravity into account. Thermodynamic properties of ideal Bose gases in different external power-law potentials are studied under the GUP with statistical physical method. Critical temperature, internal energy, heat capacity, entropy, particles number of ground state and excited state are calculated analytically to ideal Bose gases in the external potentials under the GUP. Below the critical temperature, taking the rubidium and sodium atoms ideal Bose gases whose particle densities are under standard and experimental conditions, respectively, as examples, the relations of internal energy, heat capacity and entropy with temperature are analyzed numerically. Theoretical and numerical calculations show that: 1) the GUP leads to an increase in the critical temperature. 2)When the temperature is lower than the critical temperature and slightly higher than 0K, the GUP's amendments to internal energy, heat capacity and entropy etc. are positive. As the temperature increases to a certain value, these amendments become negative. 3)The external potentials can increase or decrease the influence of the GUP on thermodynamic properties. When ε=1J, ε is the quantity that reflects the external potential intensity, and atomic density n = 2.687×10 25 m 3 , the GUP's amendments to the internal energy, heat capacity and entropy of the rubidium atoms ideal Bose gas first decrease and then increase with the increase of X (where X≡Σi1/ti is sum of the reciprocal of the exponents of the power function). In 3-dimensional harmonic potential, the relative correction term of the GUP is 26 orders of magnitude larger than that of a free-particle system in a fixed container. 4)When ε ≈10 31 J and n ≈ 10 20 m 3 (which are the experimental data when BEC was first verified by sodium atomic gas), the influence of the GUP can be completely ignored. 5) Under certain conditions, the GUP may become the dominant factor governing the thermodynamic properties of the system.
Introduction
Matter exhibits superfluid and superconducting characteristics at appropriately low temperature. Theories and experiments have shown that superfluidity and superconductivity are closely related to the "cooperation" between quantum particles, such as the well-known conventional superconductor microscopic theory (BCS theory, the name comes from Bardeen, Cooper and Schrieffer) and Bose-Einstein condensation theory (BEC theory). The experimental verification of the BEC [1] [2] [3] has improved our understanding of the nature of macro-quantum objects [4] [5] [6] [7] [8] [9] .
Applying an external potential is important for restricting and studying quantum gases [10, 11] . By changing the shape and intensity of the external potential, we can artificially control the scattering length between atoms, which is to control the interaction between atoms [12] , and regulate various behaviors of quantum systems.
Many scholars have studied the thermodynamic properties of ideal boson gas and weakly interacting boson gas under different limiting potentials [13] [14] [15] [16] [17] [18] .
When studying the "cooperation" between particles in the context of statistical physics and quantum mechanics, because the influence of gravity is minor, we usually ignore gravitational effects. However, gravity is everywhere. In a quantum theory of gravity, the Heisenberg algebra of quantum mechanics is replaced by a deformed Heisenberg algebra, and fundamental commutation is modified so that the uncertainty principle in regular quantum mechanics is modified to the generalized uncertainty principle (GUP) [19] . There exists a minimal observed length, which is a basic quantity closely related to the structure of space-time [20] . Considerable evidence (from string theory [21] , loop quantum gravity [22] , and non-commutative geometry [23] ) is available to confirm the GUP.
When considering the quantum effect of gravity, the density of quantum states in statistical physics is modified, which may have a significant influence on theoretical reasoning regarding the thermodynamic properties of the system. Some studies in the literature have applied the GUP to systems of blackbody radiation [24] , harmonic oscillators [25] [26] , ideal gases [24, 27] , and astrophysics [28] [29] [30] . And some theoretical results have been subversive to traditional concepts, for example, heat capacity tends to zero at extremely high temperatures [24] . However, the heat capacity calculated by traditional statistical physics is the result of the energy equality theorem at normal high-temperature conditions, that is, it is a temperature-independent constant. For a classic ideal gas, the number of particles in an excited state of the system tends to a certain value as the temperature tends to infinity. That is, if the number of particles in the system increases, they "condense" in the ground state (the condensation as temperature tends to infinity!). The energy of the system no longer increases at a limit temperature, and an upper energy limit appears [27] . The above results are completely different from those deduced by traditional statistical physics, thus subverting it.
In this paper, the thermodynamic properties of ideal Bose gases in different external power-law potentials are studied under the GUP. Thermodynamic quantities, such as the mean particle number in ground state and excited state, critical temperature, internal energy, heat capacity and entropy, are calculated analytically and analyzed numerically. The influences of different external power-law potentials and of the GUP on the thermodynamic properties of Bose systems are discussed.
Critical temperature of ideal Bose gases in different external

power-law potentials under the GUP
Consider a system which consists of an ideal Bose gas trapped in an external potential. Single-particle energy in the external potential may be expressed as
are the momentum and the coordinates of particles in three-dimensional space, respectively, m is the rest mass of a particle,
The external power-law potentials may be expressed as
Where ti, εi, and Li (i =1,2,3) are positive constants describing the external potentials.
When the number of particles is large, and potential energy of the particles is smaller than the kinetic energy of particles in the external potential (this condition is often met in relevant experiment [1] ), and we can use the Thomas-Fermi semi-classical approximation. In this instance, the logarithm of the grand partition function may be expressed as
where h is Planck constant, g is spin degeneracy,
Boltzmann constant,  is chemical potential, and T is absolute temperature.
x y z d dp dp dp  p , d dxdydz  r . From Ref. [19] , one can easily derive the simplest form of the GUP with modified commutation
. Equation (4) implies a minimum observable length [19, 24] , and the relationship between the positive parameter A and the minimum observable length
Where min x  is closely related to space-time structure [20] .
When considering the GUP, the density of states should include a correction factor [24-27, 31-32] : 2 3 (1 ) Ap   . Then the logarithm of the grand partition function of the boson system is corrected as ( )
Because in many cases the effect of the GUP is small, the amendment factor 2 3 (1 ) Ap   can be expanded by momentum [27, 32] .
Substituting equation (7) into equation (6) 
( ) l g z is the Bose integration
( ) l g z meets the following conditions
When the GUP is not considered (A=0), the results obtained by equation (7) and thermodynamic formulas are consistent with those in Refs. [13, 16, 17] .
Using a basic formula of statistical mechanics, the average number of particles of the system can be expressed as
When the number of particles N is constant, the chemical potential μ increases with a decrease in temperature. When temperature T decreases to Tc,
and Bose-Einstein condensation (BEC) begins to occur. At this time, the number of particles N0 of the ground state with zero energy and momentum can still be ignored.
Equation (14) may be expressed as
Where
is the Riemann-zeta function that converges when 1 l  and diverges when
When the GUP is not considered (A=0), the BEC temperatures of ideal Bose gases in external power-law potentials in 3D space can be obtained as
By applying the iterative method to equation (15) , when considering the GUP and retaining only its second-order amendment, the BEC temperature c T of the ideal Bose gases in external power-law potentials can be expressed as
The corrections to the BEC temperatures of the ideal Bose gases in external power-law potentials by the GUP can be expressed as (14), the internal energy U of the system can be obtained
Using equation (20) , the heat capacity C can be obtained 
The entropy S may be expressed as
The above calculations are obtained by ignoring the number of particles N0 in the ground state. So this is the thermodynamic property at cannot be ignored and the BEC occurs.
The thermodynamic functions at
Ne can be expressed by the total average number of particles N
That is, Ne decreases with the decrease of temperature. The number of particles N0 in the ground state can be expressed as
From equation (25), we get
When c T T  , only the particles in the excited state contribute to the internal energy. The internal energy is
When c T T  , the heat capacity C and the entropy S are, respectively 
Results and discussion
From equations (18)-(29), it can be seen that the corrections of the critical temperature and thermodynamic properties of ideal Bose gases trapped in different external power-law potentials by the GUP are reflected by the series of mAkBTc0, mAkBT or mAkB. Only when mAkBTc0, mAkBT and mAkB are small, the series expansion method in this paper is meaningful.
From the analytical expression of the BEC critical temperature of equation (18), it can be seen that: when the GUP is considered, the critical temperatures Tc of the ideal Bose gases trapped in the external power-law potentials in the form of equation (2) rise. Because the BEC is a kind of "cooperative" phenomenon of quantum correlation between particles. The GUP itself is an added quantum effect, which is similar to the addition of a quantum "correlation" between particles that enhances the "cooperation" phenomenon of the BEC and leads to an increase in Tc.
In order to further analyze the influence of the GUP on the thermodynamic properties of the ideal Bose gas at low temperature and the precise numerical relations, we take the ideal Bose gas trapped in 3D harmonic potential as an example. At this point, we know from equation (10 
When 
In some Refs of the quantum theory of gravity [33] [34] [35] , the range of minimum observable length is given as the first order correction term of the GUP is much larger than that of the second order correction term, so only the first order correction term of the GUP is considered.
As follows, we take two examples to do numerical calculation.
One is rubidium atom Bose gas. We take the particle density of ideal gas in the standard state as the average density of rubidium atoms ideal Bose gas, namely According to the comparison of the two internal energy variation curves with and without the GUP with temperature in figure 1 , it can be known that: In the temperature region where T/Tc < 0.71, the GUP increases the internal energy at the same temperature. In the temperature region of T/Tc > 0.71, the GUP reduces the internal energy at the same temperature.
As the temperature increases, the "gravitational effect", a characteristic of the quantum correlation of the boson system, increases, and the additional energy of the gravitational effect is negative, which is represented by a decrease in internal energy.
Because the GUP is derived from "quantum effect of gravity". From the embedded diagram in figure 1 , it can be seen the amendment of the GUP of internal energy can reach an order of magnitude 1 10  , and the GUP's influence is already large at this time. It can be seen from figures 4, 5 and 6 that with the increase of
(X=0 is a free particle system, X=3/2 is a system in 3D harmonic potential) and temperature, the amendments of the internal energy, heat capacity and entropy of ideal rubidium atomic gas by the GUP decreases first and then increases near the turning point, and increases significantly after passing the turning point, that is, the external potential has a great influence on the amendments of the GUP. In order to further clearly display this characteristic, table 1 gives the specific values of the thermodynamic quantities of the ideal rubidium atomic gases in a container with a fixed volume and in a 3D harmonic potential when
, T=Tc, the GUP is considered and not considered, and when the density of rubidium atom is Loschmidt constant.
Comparing these values, it is known that the amendments of the GUP to the thermodynamic quantities of idea rubidium atom gas in the 3D harmonic potential increase by 13 to 26 orders of magnitude than the amendments of free ideal rubidium atom gas in the fixed container.
After further numerical analysis, we found that when 26 10 J    , the critical temperature and internal energy of rubidium atoms ideal Bose gas with particle density of Loschmidt constant increased with the increase of X at T=Tc; When Table 1 . Comparison of thermodynamic variables and their amendments of rubidium atom system between the system in the harmonic potential and the free particle system when the GUP is and not is, considered with the standard state.  T=Tc Thermodynamic quantity of rubidium atom system without the GUP.
The first order amendment term of the GUP to thermodynamic quantity of rubidium atom system.
External potential
Free particle system.
System in 3D harmonic potential. (X=3/2) By comparing the numerical calculation results in table 2, we found that:
1)In the experimental scenario of the BEC of the sodium atoms gas, the atomic density and the strength of the external field, the influence of the external field and the GUP on the thermodynamic properties of the system is far less than that of the above theoretical scenario of rubidium atoms gas.
2)When 26 10 J    , the critical temperature and internal energy of sodium atoms gas increased with the increase of X at T=Tc; When 33 10 J    , they decrease as X increases at T=Tc. However, the heat capacity and entropy have also no such characteristics. Table 2 . Comparison of thermodynamic variables and their amendments of sodium atom system between the system in the harmonic potential and the free particle system when the GUP is and not is, considered with the experimental data of verifying the BEC for the first time. Thermodynamic quantity of sodium atom system without the GUP.
The first order amendment term of the GUP to thermodynamic quantity of sodium atom system.
External potential
Free particle system. (X=0)
System in 3D harmonic potential.
(X=3/2) 
Conclusion
In this paper, the generalized uncertainty principle (GUP) or the quantum effect of gravity is considered. On the premise that the amendments of the GUP are small, the critical temperature Tc and the modification of Tc by the GUP for the Bose Einstein condensate (BEC) of ideal Bose gases in different external power law potentials given in equation (2) are calculated analytically [see equations (18) and 1) The GUP raises the temperature of the BEC of the ideal Bose gas, whether it is in a container with a fixed volume or in an external potential. Because the "minimum observable length" implied by the GUP leads to the enhancement of this quantum "cooperation" phenomenon between the BEC particles.
2) When c T T  and T is slightly greater than 0K, the amendments of the GUP to the internal energy, heat capacity and entropy are positive. When the temperature rises to a certain value, these amendments become negative, that is, thermodynamic variables such as the internal energy, heat capacity and entropy increase first and then decrease under the influence of the GUP. We think that " increase first " is the direct expression of the state density decrease. The "then decrease" is because the GUP originates from the "quantum effect of gravity". The characteristic of the quantum correlation of the multi-particle boson system is the "gravitational effect". The GUP enhances the quantum correlation of the boson system, which is manifested as the decrease of the internal energy.
3) External potentials can make the GUP's corrections huge. Under the condition that 1 2 3 = = = 1J      and 25 3 2.687 10 m n    are taken, due to the correlation between the external potential and the GUP, the GUP's amendments of the internal energy, heat capacity and entropy of the rubidium atom gas decreases first and then increases with the increase of X (X≡Σi1/ti is the sum of reciprocal of the exponents ti of the power function) and temperature. When T=Tc, compared with the free particle system with X=0, the amendments of the GUP to the internal energy, heat capacity and entropy of the system in the 3D harmonic potential with X=3/2 increases by 26, 13 and 13 orders of magnitude respectively.
4)
The ε has a transition region (εa ,εb). When ε>εb, the amendments of the GUP to the internal energy and critical temperature increased with the increase of X at T=Tc; When ε<εa , they decrease as X increases at T=Tc. However, the heat capacity and entropy have no such characteristics.
5) When
T<Tc and there is no external potential, the amendments of the GUP is usually small. For example, the relative amendments of the thermodynamic variables of free rubidium atoms ideal gas in a fixed volume with an average particle density of Loschmidt constant are only 14 10  to 13 10  orders of magnitude, and the influence of the GUP can be completely ignored. However, under the condition of the same particle density and temperature, the relative amendments can reach the order of magnitude of 7) The GUP may dominate the properties of a system rather than act as a simple amendment, which cannot be accurately analyzed by the series expansion method proposed in this paper and needs to be confirmed by a more accurate calculation method.
